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Abstract
We study supersymmetry breaking from a lattice model of N = 2 supersym-
metric quantum mechanics using the direct computational method proposed
in arXiv:1803.07960. The vanishing Witten index is realized as a numerical
result in high precision. The expectation value of Hamiltonian is evaluated
for the double-well potential. Compared with the previous Monte-Carlo re-
sults, the obtained vacuum energy coincides with the known values within
small errors for strong couplings. The instanton effect is also reproduced for
weak couplings. The used computational method helps us to evaluate the
effect of finite lattice spacings more precisely and to study the mechanism of
non-perturbative supersymmetry breaking from lattice computations.
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1. Introduction
Supersymmetry (SUSY) plays an important role in physics beyond the
standard model and a quantum theory of gravity such as superstring theory,
while it should be broken at a low energy scale. So various mechanisms
that trigger SUSY breaking have been studied with great interest for a long
time [1, 2]. Since SUSY can be spontaneously broken by a non-perturbative
effect, the lattice computation is expected to be useful to study the breaking
mechanism in detail [3, 4, 5, 6, 7].
The lattice approach to SUSY, however, suffers from several problems
stemmed from two fundamental issues, no infinitesimal translation on the
lattice and the sign problem of the Monte-Carlo method. The absence of
the infinitesimal translation is directly associated with the explicit SUSY
breaking of the lattice action and no explicit definition of Hamiltonian, while
the sign problem is a practical issue of the Monte-Carlo method, from which
general SUSY theories suffer.
In order to control the artificial SUSY breaking due to the lattice cut-off,
various studies have been carried out so far [8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25, 26]. InN = 2 supersymmetric quantum mechan-
ics (SUSY QM), lattice models with non-local SLAC derivative and improved
Wilson term and one-exact supersymmetric action have been studied[14, 16,
27, 28]. The similar lattice models were also proposed in two-dimensional
Wess-Zumino model [29, 14, 30, 31, 32, 4, 27, 33, 34, 35, 36, 37, 5, 28, 38] 1.
With a few exact supersymmetries, an appropriate lattice Hamiltonian can
be defined such that the zero point energy vanishes [4]. Thus, one can say
that the first issue which is related to the translational invariance is resolved
at least for low dimensional models.
On the other hand, it is not straightforward to apply the Monte-Carlo
method to models with supersymmetry breaking. For the periodic boundary
condition, the partition function (Witten index) vanishes, and the expecta-
tion values are formally ill-defined without any regularization. Even if we
impose the anti-periodic boundary condition on the fermions to avoid this is-
sue, it is quite difficult to study the SUSY breaking triggered by an instanton
effect to which the Monte-Carlo method is not readily applicable. Even for
SUSY QM, the importance sampling is hard for the double-well potential un-
less very strong couplings are taken since SUSY is broken by rare tunnelings
1For several attempts in gauge theories, see the references of [39].
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between two minima of the double-well [4, 36].
Recently the authors have proposed an alternative computational method
based on the transfer matrix in SUSY QM [26], which is closely associated
with the tensor network approach applicable to higher dimensional field the-
ories. The correlation functions can be computed as a product of transfer
matrices, and any stochastic process is not needed. Thus the numerical re-
sults are given without statistical uncertainty, and the sign problem never
exists in the first place. For theories without SUSY breaking, we have found
that numerical results reproduce the known results. However, with SUSY
breaking, it is still unknown whether this method is useful or not. In order
to investigate SUSY breaking in higher dimensional models, further numeri-
cal studies in SUSY QM with this method are needed.
This paper presents a lattice computation of the vacuum energy for the
double well potential (φ4 theory) with SUSY breaking using the transfer
matrix method. We employ the lattice action with one exact supersymmetry
[14]. In order to avoid the vanishing partition function, we compute the
expectation value of Hamiltonian [4] at finite temperature (with anti-periodic
boundary condition for the fermions) and obtain the vacuum energy taking
the low-temperature limit. Compared with the previous Monte-Carlo results
[4], our results show good agreement with the known results for a wide range
of coupling constants.
The rest of this paper is organized as follows. Section 2 describes N = 2
supersymmetric quantum mechanics with the path integral formulation and
an introduction to the direct computational method based on the transfer
matrix. Then, we see the expectation value of Hamiltonian for the cubic
superpotential in section 3. A summary and future perspectives are discussed
in section 4.
2. SUSY QM on the lattice and the computational method
2.1. SUSY QM
N = 2 supersymmetric quantum mechanics is described by the Hamilto-
nian [1, 2, 40],
Hˆ =
1
2
pˆ2 +
1
2
W 2(qˆ)− 1
2
W ′(qˆ)
[
bˆ†, bˆ
]
, (1)
with the position operator qˆ, the momentum operator pˆ and the fermionic
creation and annihilation operators bˆ†, bˆ. W (qˆ) is any function of qˆ, which is
called superpotential.
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Those operators satisfy the relations
[qˆ, pˆ] = i,
{
bˆ, bˆ†
}
= 1, bˆ2 = (bˆ†)2 = 0, (2)
and act the state vectors as
qˆ|x〉 = x|x〉, bˆ|−〉 = 0, bˆ†|−〉 = |+〉. (3)
Since F ≡ bˆ†bˆ is the fermionic number operator, |+〉 is a fermionic state with
F = 1 while |−〉 is a bosonic state with F = 0.
Supercharges Qˆ and Qˆ† given by
Qˆ = bˆ(ipˆ+W (qˆ)), (4)
Qˆ† = bˆ†(−ipˆ +W (qˆ)) (5)
map a fermionic state to a bosonic state and vice versa. Qˆ and Qˆ† commute
with Hˆ because Hˆ = 1
2
{Qˆ, Qˆ†} and Qˆ2 = Qˆ†2 = 0. Any energy eigenstate
|ψ〉 has non-negative energy because E = 〈ψ|Hˆ|ψ〉 = |Qˆ|ψ〉|2 ≥ 0. SUSY is
broken when there are no normalized energy eigenstates with E = 0.
We can learn whether SUSY is broken or not from the Witten index,
w = Tr
{
(−1)F e−βHˆ
}
, (6)
where the trace is taken over all normalized states. Since the states appear
as a pair |±〉 with E 6= 0 and cancel with each other in (6), we have
w = nE=0− − nE=0+ , (7)
where nE=0+ and n
E=0
− are the number of fermionic and bosonic vacuum states.
The index vanishes if and only if nE=0+ = n
E=0
− = 0 in this model. We have
w = 0 when SUSY is broken and vice versa. 2
Supersymmetry is broken for a quadratic superpotential [1, 2],
W (x) = mx+ gx2. (8)
2 In the case of |W (±∞)| =∞, SUSY is broken for W (∞) ·W (−∞) > 0 and unbroken
for W (∞) ·W (−∞) < 0. For more comprehensive and detailed discussions are shown in
the review [40].
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Figure 1: V (x) = 1
2
W (x)2 for a quadratic superpotential.
Fig.1 shows the potential V (x) = 1
2
W (x)2 with the dimensionless coupling
constant λ = g/m3/2. The reason why SUSY is broken is intuitively under-
stood. The potential has two classical vacua corresponding to two minima
x = {0,−2/(λ√m)}. These two vacua respect supersymmetry because the
classical potential vanishes. After the quantization, the tunneling between
these two vacua causes the overlap of the wave function, and the true vacuum
energy becomes non-zero. 3
The classical action of N = 2 supersymmetric quantum mechanics is
given by
S =
∫ β
0
dt
{
1
2
(∂tφ(t))
2 +
1
2
W (φ(t))2 + ψ¯(t)
(
∂t +W
′(φ(t))
)
ψ(t)
}
(9)
where φ ∈ R is a bosonic variable and ψ, ψ¯ are fermionic variables (one-
component Grassmann numbers). All variables φ, ψ, ψ¯ satisfy the periodic
boundary condition such as
φ(t+ β) = φ(t). (10)
3The tunneling rate decreases as λ → 0 since the potential barrier increases, and the
vacuum energy approaches zero. The vacuum energy can be analytically evaluated by
the instanton rate for λ≪ 1 where the numerical analysis using the importance sampling
tends to be difficult.
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The action is invariant under the supersymmetry transformations,
δφ = ǫψ + ǫ¯ψ¯
δψ = −ǫ¯(∂tφ−W (φ))
δψ¯ = −ǫ(∂tφ+W (φ)),
(11)
where ǫ and ǫ are one-component Grassmann numbers. The Witten index
can be expressed as a path integral form,
w =
∫
DφDψ¯Dψ e−S. (12)
Note again that all field satisfy the periodic boundary condition (10). How-
ever, any expectation value is formally ill-defined since the partition function
w = 0 for the superpotential (8).
To define a well-defined expectation value, we consider a statistical system
whose partition function is given by
Z = tr
(
e−βHˆ
)
, (13)
with the inverse temperature β = 1/T . We also write it down as a path-
integral form,
Z =
∫
DφDψ¯Dψ e−S, (14)
where φ satisfy the periodic boundary condition while ψ(t) and ψ¯(t) satisfy
the anti-periodic boundary condition such as
ψ(t + β) = −ψ(t). (15)
Note that supersymmetry is explicitly broken due to the anti-periodic bound-
ary condition for the fermions. The expectation value of an operator O is
defined in the standard manner as
〈O〉 = 1
Z
∫
DφDψ¯DψO e−S, (16)
since Z is non-zero in general. The vacuum energy is obtained as the large
β limit of the expectation value of Hamiltonian 〈H〉.
6
2.2. Lattice theory
The lattice theory is defined on a lattice such that lattice sites are la-
beled by discretized points with equal intervals, t ∈ aZ. The field variables
live on the sites and lattice boson and fermion are expressed as φt and ψt,
respectively. The forward and backward difference operators ∇± are given
by
∇+φt = φt+1 − φt, (17)
∇−φt = φt − φt−1. (18)
Here we set the lattice spacing a = 1 without loss of generality.
The off-shell expression of the lattice action [14] is given by
Slat =
N∑
t=1
{
1
2
(∇−φt)2 + 1
2
D2t + iDtW (φt) +∇−φtW (φt)
+ψt (∇− +W ′(φt))ψt
}
. (19)
To discuss the SUSY invariance, we first assume that all field satisfy the
periodic boundary condition such as
φt+N = φt, (20)
where N is the size of the lattice.
We consider lattice supersymmetry transformations δ = ǫQ + ǫ¯Q¯:
Qφ = ψ
Qψ = 0
Qψ¯ = −∇−φ− iD
QD = i∇−ψ,
Q¯φ = ψ¯
Q¯ψ = −∇+φ+ iD
Q¯ψ¯ = 0
Q¯D = −i∇+ψ¯.
(21)
These transformations obey Q2 = Q¯2 = 0 and {Q, Q¯} = −(∇+ +∇−).
For free theory, we can easily show that the lattice action (19) is invariant
under both of Q and Q¯-transformations. However, for interacting cases,
the Q-symmetry is only kept on the lattice because the action (19) can be
written as a Q-exact form thanks to the surface term ∇−φtW (φt) while the
Q¯-symmetry is explicitly broken. Numerical and some analytical studies
show that full supersymmetry is restored in the continuum limit [14, 31, 26].
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The Witten index is given by the path integral form such as (12) with
the lattice action (19). The expectation value is, however, ill-defined due to
an issue of 0/0 since w vanishes for (8) on the lattice. So we impose the
anti-periodic boundary condition on the fermions as
ψt+N = −ψt. (22)
As with (14), the non-zero partition function is given by
Z =
∫
DφDψ¯DψDD e−Slat, (23)
with well-defined path integral measures,∫
Dφ ≡
N∏
t=1
∫ ∞
−∞
dφt√
2π
, (24)
∫
Dψ¯Dψ ≡
N∏
t=1
∫
dψ¯tdψt, (25)
where dψ and dψ¯ are the standard Grassmann integral measures and the
measure for D is given as well as (24). The expectation value is defined in
the same manner as (16).
The vacuum energy is obtained from the zero temperature limit of 〈H〉
once an appropriate discretization of Hamiltonian is defined. Since the lattice
discretization breaks the translational symmetry, we have to deal with the
lattice definition of Hamiltonian carefully. With the exact Q-symmetry, the
authors of Ref.[4] proposed a lattice Hamiltonian,
H =
1
2
QJ¯, (26)
with a supercurrent J¯ corresponding to Q¯-transformation,
J¯ = (∇−φ−W (φ))ψ¯. (27)
The Q-exactness of (26) suggests us that the vacuum energy with the correct
zero point energy is obtained from 〈H〉.
The explicit form of H is
H = −1
2
(∇−φ)2 − 1
2
ψ¯(∇− −W ′(φ))ψ
+
i
2
D(W −∇−φ) + 1
2
W∇−φ. (28)
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Using the following identities,
〈ψ¯t(∇− +W ′(φt))ψt〉 = −1, (29)
〈(D + iW )(W −∇−φ)〉 = 0, (30)
we obtain
〈H〉 = 1
2
〈−(∇−φt)2 +W 2(φt) + 2W ′(φt)ψ¯tψt〉+ 1
2
. (31)
In the actual computations, we use (31) to evaluate the expectation value of
the lattice Hamiltonian (26).
2.3. The computational method
We employ the direct computational method based on the transfer matrix,
which is proposed in Ref.[26], to evaluate the vacuum energy from the lattice
action (19) and a lattice definition of Hamiltonian (26).
To define the finite dimensional transfer matrix, the path integral is dis-
cretized by the Gauss-Hermite quadrature formula:∫ ∞
−∞
dx ≈
∑
x∈SK
gK(x), (32)
where SK is a set of zero points of K-th Hermite polynomials HK(x) and
gK(x) = wK(x)e
x2 , (33)
with the weight function wK(x) =
2K−1K!
√
pi
K2H2
K−1
(x)
. We can easily confirm that the
standard form of Gauss-Hermite quadrature is obtained taking a function
h(x) = e−x
2
f(x) as the integrand.
Replacing each path integral measure of (24) by (32), we have an approx-
imation of the partition function (23),
Z ≈
∑
φ1∈SK
gK(φ1) . . .
∑
φN∈SK
gK(φN)×
(
1√
2π
)N { N∏
t=1
e−LB(φt,φt−1)
}
×
{
1 +
N∏
t=1
(1 +W ′(φt))
}
. (34)
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where
LB(x, y) = 1
2
(x− y +W (x))2. (35)
Here Dt, ψt and ψ¯t are analytically integrated.
Thus we obtain
Z ≈ Tr(TN− ) + Tr(TN+ ), (36)
where
(T−)xy = (1 +W
′(x))(T+)xy, (37)
(T+)xy =
√
gK(x)gK(y)
2π
e−LB(x,y). (38)
Similarly, the Witten index is also approximately given by
w ≈ Tr(TN− )− Tr(TN+ ). (39)
Note that T± are K × K matrices which can be regarded as the matrix
representations of the transfer matrices as discussed in the end of this section.
Thus we can evaluate the approximate values of Z and w from the matrix
products of T± in (36) and (39) without using any stochastic process.
With the transfer matrices T±, (31) is also expressed as matrix products,
〈H〉 = 1
Z
Tr
{(
HB · T− − T˜+
)
TN−1− + (HB · T+)TN−1+
}
+
1
2
(40)
where
(HB)xy = −1
2
(x− y)2 + 1
2
W (x)2, (41)
(T˜+)xy =W
′(x)(T+)xy, (42)
and
(A ·B)xy ≡ AxyBxy. (43)
Except for two ”dot” products in (40), the others are the normal matrix
product.
As discussed in Ref.[26], the rescaling of φ provides optimized tensors.
With the rescaling parameter s, we first change the variable as
Φt = sφt, (44)
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before the discretization of the path integral measure. Repeating the same
procedures above, we find that the tensors are modified as
(T−)xy = (1 +W
′(x/s))(T+)xy, (45)
(T+)xy =
√
gK(x)gK(y)
2πs2
e−LB(x/s,y/s). (46)
The expectation value of Hamiltonian (40) is also given with the modified
HB and T˜+:
(HB)xy = − 1
2s2
(x− y)2 + 1
2
W (x/s)2, (47)
(T˜+)xy =W
′(x/s)(T+)xy. (48)
The accuracy of the approximation is controlled by K and s. It is expected
that the discretized expressions such as (36) and (40) approach the correct
values as K increases for fixed s. As explained in the next section, a suffi-
ciently large value of K and an optimized value of s are chosen to obtain the
results as accurate as possible in actual computations.
We finally make some remarks on the relation between T± and the quan-
tum Hamiltonian Hˆ given by (1). Since |±〉 given in section 2.1 has two
components, the wave function ψ(x) is expressed as two column vector,
ψ =
(
ψ+
ψ−
)
. (49)
In this representation, the operators bˆ, bˆ†, F = bˆ†bˆ and the Hamiltonian are
also expressed as matrix forms,
bˆ =
(
0 0
1 0
)
, bˆ† =
(
0 1
0 0
)
, F =
(
1 0
0 0
)
, (50)
and
Hˆ =
(
Hˆ+ 0
0 Hˆ−
)
, (51)
where
Hˆ± =
1
2
pˆ2 +
1
2
W 2(qˆ)∓ 1
2
W ′(qˆ). (52)
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The Witten index is then given by
w = Tr
(
e−βHˆ−
)
− Tr
(
e−βHˆ+
)
, (53)
and the partition function with anti-periodic boundary condition for the
fermions is
Z = Tr
(
e−βHˆ−
)
+ Tr
(
e−βHˆ+
)
. (54)
Comparing them with (39) and (36), we find that T± can be regarded as the
transfer matrices associated with two Hamiltonians Hˆ± which are ones of the
bosonic (−) and fermionic states (+).
3. Results
The vacuum energy is evaluated using the lattice model (19) in the case
of φ4 interaction for which SUSY is broken. We employ the direct numerical
method based on the transfer matrix representations (36) and (39). The
expectation value of a lattice Hamiltonian, which is given by (26), is also
evaluated from (40) for several coupling constants. We will compare the
strong coupling results with the previous Monte-Carlo results and the weak
coupling results with the analytical solution estimated as the instanton effect.
The φ4 theory is described by the superpotential (8). Since g has the
mass dimension 3/2, λ = g/m3/2 is the dimensionless coupling. The lattice
spacing is measured in the unit of the physical scale m and the continuum
limit corresponds to am → 0. The physical lattice size is given by βm(=
Nma) where N is the number of lattice sites. The computational parameters
employed in this paper are summarized in Table 1.
KGH which is the order of Gauss-Hermite quadrature and the rescaling
parameter s should be tuned to reduce the systematic error from the numer-
ical integration as well as the case of φ6 theory studied in [26].
Figure 2 shows the trace of TN± for 50 ≤ KGH ≤ 200 and s = 0.22 with
fixed N = 3200, am = 0.002, λ = 10 as an example. The approximation
is improved as KGH increases for fixed s. As seen in the figure, tr(T
N
+ ) and
tr(TN− ) converge to the same value. This suggests us that the Witten index
w = tr(TN− )− tr(TN+ ) vanishes. For all parameters in this paper, we find that
KGH = 200 is large enough to obtain the converged results from the similar
studies of Figure 2. We also find that s = 0.22 realizes tr(TN+ )/tr(T
N
− ) = 1
within the precision 10−9 for the present parameters set.
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10 ≤ λ, βm = 6.4
am N
0.0040 1600
0.0036 1778
0.0032 2000
0.0028 2286
0.0024 2667
0.0020 3200
0.0016 4000
0.0012 5333
0.0008 8000
0.0004 16000
λ < 10, βm = 64
am N
0.050 1280
0.045 1422
0.040 1600
0.035 1828
0.030 2134
0.025 2560
0.020 3200
Table 1: Parameters used in the computations of φ4 theory. The lattice spacing am is
uniquely given for each N as am = βm/N , (e.g.) am = 0.00359955... for N = 1778 is
shown as 0.0036 in the table. For all listed parameters, we use KGH = 200. For all am,
we set the rescaling parameter s = 0.22 for 10 ≤ λ and s = 0.3 for 0.3 < λ < 10. For
λ ≤ 0.3, we also use s = 0.3 for 0.035 < am and s = 0.22 for am ≤ 0.035.
 0
 0.0002
 0.0004
 0.0006
 0.0008
 0.001
 60  80  100  120  140  160  180  200
Tr
ac
e
K
tr[T+N]
tr[T
-
 
N]
Figure 2: Trace of TN+ (cross) and T
N
−
(circle) for 50 ≤ KGH ≤ 200 and s = 0.22 with a
fixed parameters set, N = 3200, am = 0.002, λ = 10, in φ4 theory.
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Z
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Figure 3: Witten index w = ZP (open square) and the partition function with the anti-
periodic boundary condition on the fermions Z = ZAP (filled square) for several βm in φ
4
theory at am = 0.002, λ = 10 with fixed KGH = 200 and s = 0.22.
Figure 3 shows the Witten index and the partition function with the anti-
periodic boundary condition for the fermions Z = tr(TN+ )+tr(T
N
− ) for several
lattice size βm with fixing KGH = 200 and s = 0.22. As seen in this figure,
the Witten index vanishes for all β within small errors, which are actually of
O(10−15).
The partition function is zero if we impose the periodic boundary condi-
tion for the fermions since it is the Witten index that vanishes for φ4 theory.
To avoid an issue of ill-defined expectation value such as 0/0, we evaluate the
expectation value of Hamiltonian 〈H〉 imposing the anti-periodic boundary
condition for the fermions with β = 1/T as explained in section 2.2. The
vacuum energy ǫ0 is evaluated by taking the zero temperature and continuum
limit as
ǫ0 = lim
a→0
lim
β→∞
〈H〉. (55)
We use a fixed large value of βm and a continuum extrapolation with the
polynomial functions to obtain ǫ0 in the following.
Figure 4 shows 〈H〉/m for a strong coupling λ = 10 and 0.1 ≤ βm ≤ 4
at am = 0.002. The numerical values of 〈H〉/m converge as temperature
14
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Exact
Figure 4: Expectation value of the Hamiltonian against βm for a strong coupling λ = 10
with fixed am = 0.002. The anti-periodic boundary condition is imposed for the fermions.
We use KGH = 200 and s = 0.22 to tune the computational method.
decreases, β → ∞. We then find that βm = 6.4 is large enough to obtain
the results within negligible finite temperature effects for λ = 10. With fixed
βm = 6.4, we compute 〈H〉/m for several am to take the continuum limit.
In Figure 5, the continuum extrapolation of 〈H〉/m with fixed β = 6.4
is shown. We can smoothly extrapolate 〈H〉β=6.4/m to the continuum limit
fitting ten finest points with a fit function f(am) = c0+c1(am)+c2(am)
2. We
estimate a systematic error from the difference among the fit results for five
and ten finest points with and without one more higher order term c3(am)
3.
The maximum difference is used as the systematic error of fittings.
Table 2 shows the result of the vacuum energy for λ = 10. The numerical
value is known as ǫ0/m = 1.27616 which is obtained by a numerical diagonal-
ization of Hamiltonian [41, 4]. Our extrapolated value 〈H〉/m = 1.2761637(1)
is consistent with the known result. In Ref.[4], the Monte-Carlo result with
the linear extrapolation function does not reproduce ǫ0/m = 1.27616. Since
the coefficient c1 is consistent with zero, the linear extrapolation of [4] may
suffer from significant systematic errors.
In Figure 6, we also show the same scale plot as presented in Ref.[4].
Our results and the Monte-Carlo ones are consistent with each other. The
15
 1.275
 1.276
 1.277
 1.278
 0  0.001  0.002  0.003  0.004
<
H
>/
m
am
λ = 10
1.27616
Figure 5: Continuum limit of 〈H〉/m for λ = 10 in φ4 theory. We fix the lattice size
βm = 6.4. The anti-periodic boundary condition is imposed on the fermions. KGH = 200
and s = 0.22 are used as the parameters associated with the computational method.
16
c0 c1 c2
〈H〉/m 1.2761637(1) -0.00010(14) 22.41(8)
Table 2: Fit result of continuum extrapolation for λ = 10 in φ4 theory with fixed
βm = 6.4. The lowest ten data points of 〈H〉/m are used for the fit with a fit function
f(am) = c0 + c1(ma) + c2(ma)
2. The coefficient c0 gives the vacuum energy ǫ0/m.
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 0  0.02  0.04  0.06  0.08  0.1  0.12
<
H
>/
m
am
βm=0.2
βm=0.4
βm=6.4
1.27616
Figure 6: Expectation value of Hamiltonian for λ = 10 in φ4 theory. The anti-periodic
boundary condition is imposed on the fermions. We use KGH = 200 and s = 0.22.
origin of 10% discrepancy does not come from the definitions of lattice action
(19) and lattice Hamiltonian (26) but from systematic errors associated with
linear extrapolations as the authors of Ref.[4] discussed. We can conclude
that the lattice Hamiltonian proposed in Ref.[4] works properly.
We evaluate the vacuum energy for weak couplings for which the numer-
ical method becomes more severe as the potential barrier of the double well
glows. The vacuum energy can be analytical evaluated through the analysis
of the instanton rate [42]:
ǫ0,inst
m
=
1
2π
e−
1
3λ2 (1 + c1λ
2) (λ≪ 1) (56)
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Figure 7: Expectation value of the Hamiltonian against βm for a weak coupling λ = 0.3
with fixed am = 0.03. The anti-periodic boundary condition is imposed for the fermions.
We use KGH = 200 and s = 0.3 to tune the computational method.
We use a ratio of ǫ0 to (56) at the leading order,
R =
2πǫ0
m
e
1
3λ2 , (57)
to test whether our computations reproduce the instanton effect (56) or not.
R should behave as R = 1 + d1λ
2 + . . . for λ≪ 1.
Figure 7 shows the 〈H〉/m for a weak coupling λ = 0.3 and 0.15 ≤ βm ≤
40 at am = 0.03. The numerical values of 〈H〉/m converge as temperature
decreases as well as the case of λ = 10. We take βm = 64 as a sufficiently
large value of the physical volume for the weak coupling, which is larger than
that for λ = 10. With fixed βm = 64, we compute 〈H〉/m for different lattice
spacings am to take the continuum limit.
Figure 8 shows the extrapolation of 〈H〉/m to the continuum limit for
βm = 64 and λ = 0.3. Table 3 shows the fit result of the continuum ex-
trapolation with the quadratic function. Compared with Table 2, we again
confirm that c1 is zero within the error. Although the lattice spacings are
larger than those of λ = 10, the extrapolation effectively works within the
precision of approximately 0.01%. This is because c2/c0 ≃ 1 for λ = 0.3
although c2/c0 ≃ 18 for λ = 10. The systematic error originated from the
18
c0 c1 c2
〈H〉/m 0.00360346(2) 0.0000011(17) 0.00349(5)
Table 3: Fit result of continuum extrapolation for λ = 0.3 in φ4 theory with fixed
βm = 64. We use the quadratic function f(am) = c0 + c1(ma) + c2(ma)
2 to fit 〈H〉/m
where c0 gives the vacuum energy ǫ0/m.
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Figure 8: Continuum limit of 〈H〉/m for λ = 0.3 in φ4 theory. βm = 64 is fixed. The
fermions satisfy the anti-periodic boundary condition. KGH = 200 and s = 0.3 are used.
continuum limit is actually much smaller than that from the λ→ 0 limit.
In Figure 9, we take λ → 0 limit using the linear function g(λ2) = d0 +
d1λ
2. The error is estimated by the difference from the fit for the finest four
data points. We find that R = 0.998(7) − 0.91(16)λ2. The instanton effect
is thus precisely reproduced from the lattice model (19) with the Q-exact
definition of lattice Hamiltonian (26) using our method.
Finally, we present the vacuum energy for various coupling constants,√
0.03 ≤ λ ≤ 100 in Figure 10. We choose the rescaling parameter s of
the computational method and the lattice spacing appropriately as shown
in Table 1. The vacuum energy is obtained in high accuracy as shown in
Table 2 and Table 3 for λ = 10 and λ = 0.3, respectively. Although the error
becomes larger and larger as λ decreases, ǫ0 is obtained within the error of
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Figure 9: R against λ2 for fixed βm = 64.
the order of 0.1% for the smallest value of coupling constant, λ2 = 0.03.
4. Summary
We have evaluated the vacuum energy in N = 2 SUSY QM for the double-
well potential (φ4-theory) using the direct computational method proposed in
[26]. Since the partition function with the periodic boundary condition for the
fermions vanishes, we have measured the expectation of Hamiltonian at finite
temperature and obtain the vacuum energy by taking the low temperature
and continuum limit. The obtained energy coincides with the known results
for various coupling constants. With the studies for the SUSY unbroken case
[26], we find that the employed method works properly with and without the
SUSY breaking.
These results also establish the methodology of defining a lattice Hamilto-
nian in low-dimensional lattice SUSY actions. Since the accurate results are
provided for very fine lattice spacings, we can precisely study how the lattice
artifacts are appeared and controlled in the presence of the physical SUSY
breaking. Those kinds of information are very useful in constructing higher
dimensional SUSY lattice models and in studying the non-perturbative mech-
anism of SUSY breaking.
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Figure 10: Vacuum energy estimated from the lattice model (19) and a lattice Hamilto-
nian (26) in φ4 theory.
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